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Abstract 

We show that if a group is not virtually cyclic and is hyperbolic relative 
to a family of proper subgroups, then it has a hyperbolically embedded 
subgroup which contains a finitely generated non-abelian free group as a 
finite index subgroup. 
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1 Introduction 

The notion of relatively hyperbolic groups was introduced in [B] and has been 
studied by many authors (see for example [2], [3], [5] and [IS])- In this paper we 
consider relatively hyperbolic groups in accordance with a definition due to D. 
Osin [13l Definition 2.35]. Note that for certain cases (e.g. for finitely generated 
groups), this definition has several equivalent formulations (see for example [7, 
Sections 3 and 5]). 

In [T3], D. Osin introduced the notion of hyperbolically embedded subgroups 
of a relatively hyperbolic group. 

Definition 1.1. ([T4J Definition 1.4]) Let G be a group which is hyperbolic rel- 
ative to a family K of subgroups. A subgroup H of G is said to be hyperbolically 
embedded into G relative to K if G is hyperbolic relative to K U {H}. 
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If G is infinite and hyperbolic relative to a family K of proper subgroups, 
then there exists a virtually infinite cyclic subgroup of G which is hyperbolically 
embedded into G relative to K (see [21 Corollaries 1.7 and 4.5]). Also if G is 
torsion-free, hyperbolic and not cyclic, then it contains a free subgroup of rank 
two which is quasiconvex and malnormal in G, that is, hyperbolically embedded 
into G relative to the empty family (see |H Theorem C] and [U Theorem 7.11]). 
In this paper we show the following (see also Theorem 15. II) . 

Theorem 1.2. Suppose that a group G is not virtually cyclic and is hyperbolic 
relative to a family K of proper subgroups. Then there exists a finitely generated 
and virtually non-abelian free subgroup of G which is hyperbolically embedded 
into G relative to K. Moreover if G is torsion-free, then it contains a free 
subgroup of rank two which is hyperbolically embedded into G relative to K. 

We refer to [HJ Theorems 1.4 and 1.5] for applications of this theorem to 
the study of convergence actions of groups. We also refer to [TTJ Theorem 6.3] 
for another application. 

Remark 1.3. After the first version of this paper appeared, the notion of a 
hyperbolically embedded subgroup was further generalized in [3J. It turns out 
that we can prove a stronger version of Theorem 11.21 by using the argument in 
the proof of [3J Theorem 6.14 (c)] (see [TH Appendix B] for details). In what 
follows, hyperbolically embedded subgroups which we consider are those in the 
sense of [14] . 

In Section [2l we recall the fact that hyperbolically embedded subgroups 
of a relatively hyperbolic group are characterized as strongly relatively undis- 
torted and almost malnormal subgroups. Strongly relatively undistorted free 
subgroups of rank two of a relatively hyperbolic group are found in Section [3J 
In Section 31 we construct almost malnormal subgroups of a virtually free group 
with additional properties. Theorem 11.21 is proved in Section [5j 

2 Characterization of hyperbolically embedded 
subgroups 

The strategy of our proof of Theorem 11.21 is based on Osin's characterization 
of hyperbolically embedded subgroups of relatively hyperbolic groups stated 
below. 

To state the characterization, we begin by introducing several definitions. 
Let G be a group. For a family K of subgroups of G, we put JC = [j KeK K\ {1}. 
A subset X of G is called a relative generating set of G with respect to K if G 
is generated by X U K,. The group G is said to be finitely generated relative to 
K if there exists a finite relative generating set of G with respect to K. When 
Z is a (possibly infinite) generating set of G, we denote by T(G, Z) the Cayley 
graph of G with respect to Z and by dz the word metric with respect to Z. 
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Definition 2.1. Let G be a group which is finitely generated relative to a family 
K of subgroups. A subgroup H of G is said to be strongly undistorted relative 
to K in G if H is generated by some finite subset Y and for some finite relative 
generating set X of G with respect to K, the natural map (H, dy) — > (G, dxuK.) 
is a quasi-isometric embedding. 

Definition 2.2. Let G be a group and H a subgroup of G. The subgroup H 
is said to be malnormal (resp. almost malnormal) in G if for every element g of 
G\H, the intersection H (~l gHg^ 1 is trivial (resp. finite). 

Theorem 2.3. ([TJJ Theorem 1.5]) Let G be a group which is hyperbolic relative 
to a family IK of subgroups. Then a subgroup H of G is hyperbolically embedded 
into G relative to K if and only if if is strongly undistorted relative to IK and 
almost malnormal in G. 

For finitely generated relatively hyperbolic groups, we have the following 
characterization of strongly relatively undistorted subgroups. 

Definition 2.4. ( |T3l Definitions 4.9 and 4.11]) Let G be a group with a finite 
family IK of subgroups. Suppose that G is generated by a finite set X. A 
subgroup H of G is said to be quasiconvex relative to K in G if there exists a 
constant a > satisfying the following: if hi and h% are elements of H and p 
is a geodesic from /ii to hi in L(G, A U K), then for every vertex v on p, there 
exists an element h of H such that dx(v,h) < a. A subgroup fJ of G is said 
to be strongly quasiconvex relative to K in G if H is quasiconvex relative to IK 
in G and for every element K of K and every element g of G, the intersection 
H n gKg~ x is finite. 

Theorem 2.5. ( jT3J Theorem 4.13]) Let G be a group which is hyperbolic 
relative to a finite family K of subgroups. Suppose that G is finitely generated. 
Then a subgroup H of G is strongly undistorted relative to IK if and only if H 
is strongly quasiconvex relative to IK. 

3 Strongly relatively undistorted free subgroups 

When a group G is hyperbolic relative to a family K of subgroups, a subgroup 
of G is said to be parabolic with respect to K if it is conjugate to a subgroup of 
some element of IK. The main purpose of this section is to show the following. 

Proposition 3.1. Let G be a group which is hyperbolic relative to a family IK 
of proper subgroups and F a subgroup of G which is neither virtually cyclic nor 
parabolic with respect to IK. If L contains an element of infinite order, then it 
contains a free subgroup F of rank two which is strongly undistorted relative to 
K in G. 

Proposition 13.11 yields the following corollary. 

Corollary 3.2. Let G be a group which is not virtually cyclic and is hyperbolic 
relative to a family IK of proper subgroups. Then G contains a free subgroup F 
of rank two which is strongly undistorted relative to IK in G. 
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Proof of Corollary \3.2\ using Provosition \3.1\ It follows from [HI Corollary 4.5] 
that the group G contains an element of infinite order. Hence the assertion 
follows from Proposition 13. II □ 



For the proof of Proposition ^. 11 we prepare several lemmas. 

When a group G is hyperbolic relative to a family K of proper subgroups, 
an element g of G is said to be parabolic with respect to IK if it is conjugate to 
an element of a subgroup of G which belongs to K. Otherwise g is said to be 
hyperbolic with respect to IK. 

Lemma 3.3. Let G be a group which is hyperbolic relative to a family K of 
proper subgroups and T a subgroup of G which is neither virtually cyclic nor 
parabolic with respect to K. Suppose that either G is countable and K is finite 
or r contains an element of infinite order. Then there exists an element h of T 
which is of infinite order and hyperbolic with respect to K. 

Proof. First suppose that G is countable and K is finite. Then we can consider 
a geometrically finite convergence action of G on a compact metrizablc space 
such that the set of all maximal parabolic subgroups of the action is equal to the 
collection of all conjugates of elements of K which are infinite (see for example 
[7, Definition 3.1]). Since T is neither virtually cyclic nor parabolic with respect 
to IK, the restriction of this action to T is a non-elementary convergence action. 
Hence T contains an clement h which is loxodromic with respect to this action 
(see [H Theorem 2T]). 

Next suppose that T contains an element h of infinite order. We only have 
to consider the case where h belongs to the conjugate gKg^ 1 for some element 
K of IK and some element g of G. Since T is not parabolic with respect to IK, 
we can take an element 7 of T \ gKg^ 1 . By [14, Lemma 4.4], there exists an 
integer n such that the element jh n of T is of infinite order and hyperbolic with 
respect to K. □ 

Lemma 3.4. (14., Theorem 4.3 and Corollary 1.7]) Let G be a group which is 
hyperbolic relative to a family K of subgroups and h be an element of G which 
is of infinite order and hyperbolic with respect to K. Then there exists a unique 
subgroup E{h) of G such that E(h) is virtually cyclic, contains h and maximal 
among such subgroups of G. Moreover E(h) is hyperbolically embedded into G 
relative to K. 

The following lemma is shown by a similar argument in the proof of 10, 
Corollary 1.12]. 

Lemma 3.5. Let G be a group generated by a finite set X and hyperbolic rela- 
tive to a finite family K of subgroups. Let a subgroup H of G be hyperbolically 
embedded into G relative to K. We denote the union K U {H} by H. Suppose 
that a subgroup Q of G is strongly quasiconvex relative to H in G. Then there 
exists a constant C(Q,H) > with the following property: for every subgroup 
R of H such that 

(a) Q n H C R; 
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(b) dx (lji") > C(Q, H) for every element r of R \ Q; 

(c) the subgroup i? is quasiconvex relative to K in G, 

the natural homomorphism Q *QnR R — I G is injective and its image (Q U R) is 
strongly quasiconvex relative to K in G. 

Proof. By jTOl Theorem 5.12], there exists a constant C(Q,H) > with the 
following property: for every subgroup i? of H satisfying above conditions (a) 
and (b), the natural homomorphism Q*qc\rR — > G is injective, its image (Qui?) 
is quasiconvex relative to H in G and for every element g of G and every element 
H' of H, the intersection (Q U R) R gH'g^ 1 is either finite or conjugate to i? in 

(Qui?). 

Now we suppose that i? satisfies above condition (c) and show that (Q U R) 
is strongly quasiconvex relative to IK in G. 

First we show that (Qui?) is quasiconvex relative to K in G. By [TOj Theorem 
1.1 (2)], it suffices to show that for every element g of G, the intersection (Q U 
R) (~1 gHg' 1 is quasiconvex relative to K in G. Every finite subgroup of G is 
automatically quasiconvex relative to K in G. Since R is quasiconvex relative to 
K in G, it is well-known that every conjugate of R is also quasiconvex relative 
to IK in G. Thus the subgroup (Q U R) is quasiconvex relative to K in G. 

Next we show that for every element g of G and every element K of K, the 
intersection (Qui?) PigKg^ 1 is finite. We have only to consider the case where 
there exists an element s of (Qui?) such that (QL)R)DgKg~ 1 is equal to si?s _1 . 
Then (Q U R) R gKg^ 1 is contained in s(s _1 gif (s -1 ^) -1 R iT)s -1 . Since ii is 
hyperbolically embedded into G relative to IK, the intersection s~ 1 gK(s" 1 g)^ 1 n 
H is finite. Hence (Q U i?) R gKg~ x is also finite. 

Thus (Q U R) is strongly quasiconvex relative to IK in G. □ 

By using the above lemmas, we prove the following, which implies Proposi- 
tion [33] for finitely generated groups. 

Lemma 3.6. Let G be a group which is hyperbolic relative to a finite family 
K of proper subgroups and T a subgroup of G which is neither virtually cyclic 
nor parabolic with respect to K. Suppose that G is finitely generated. Then T 
contains a free subgroup F of rank two which is strongly quasiconvex relative 
to IK in G. 

Proof. By Lemma I3.3[ there exists an element h of T which is of infinite order 
and hyperbolic with respect to IK. We denote by H a subgroup E(h) of G given 
by Lemma [3.41 We put HI = K U {H}. Then H consists of proper subgroups 
of G and G is hyperbolic relative to H. Since H is virtually infinite cyclic, the 
subgroup T is not parabolic with respect to EL 

Hence it follows from Lemma [3731 that there exists an element q of T which is 
of infinite order and hyperbolic with respect to H. We denote by Q the infinite 
cyclic subgroup of T generated by q. By Lemma 13.41 and Theorem 12.51 the 
subgroup Q is strongly quasiconvex relative to H in G. Since Q is torsion-free, 
this implies that the intersection Q R H is trivial. 
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Let X be a finite generating set of G and C(Q, H) > a constant given by 
Lemma 13.51 Since h is of infinite order, there exists a positive integer k such 
that d x (l, h kn ) > C{Q, H) for every integer n £ Z \ {0}. We denote by R the 
infinite cyclic subgroup of T generated by h k . Since R is a finite index subgroup 
of H , it is strongly quasiconvex relative to K in G by Theorem 12.51 Hence R 
satisfies conditions (a), (b) and (c) in Lemma I3T51 By Lemma [331 the subgroup 
(Q U R) of T is a free group of rank two which is strongly quasiconvex relative 
to K in G. □ 

For the proof of the general case, we need the following lemma which is ob- 
tained from a specialization of [T3l Theorem 2.44] together with [13l Proposition 



Lemma 3.7. Let G be a group which is hyperbolic relative to a family K of 
proper subgroups and X a finite relative generating set of G with respect to K. 
Then there exists a finite subfamily Ko = {Ki, . . . , K m } of K such that G splits 
as the free product 



where Go is the subgroup of G which is generated by Ki,...,K m and X. 
Moreover there exist a finitely generated subgroup Q of Go and a family L = 
{Li, . . . , L m } of subgroups of Q satisfying the following: 

(i) the finite relative generating set X is contained in Q and for every i £ 
{1, . . . , m}, the subgroup Li is contained in Ki] 

(ii) the group Go is isomorphic to the fundamental group of the graph of 
groups Q drawn in Figure [TJ 

(iii) the subgroup Q is hyperbolic relative to L, the set X is a relative generat- 
ing set of Q with respect to L and the natural map (Q, d X uc) —> (G, d X uic) 
is an isometric embedding, where we put C = Ulgl L \ {!}■ 

Lemma 3.8. In the setting of Lemma 13771 we have the following: 

(1) if no elements of K contain X, then L consists of proper subgroups of Q. 

(2) if a subgroup of Q is strongly quasiconvex relative to L in Q, then it is 
strongly undistorted relative to K in G; 



2.491. 



G = G * (*KeK\K K), 
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(3) if a subgroup of Q is hyperbolically embedded into Q relative to L, then 
it is hyperbolically embedded into G relative to K; 

Proof. (1) This follows from condition (i) in Lemma 13.71 

(2) This follows from Theorem 12.51 and condition (hi) in Lemma |3"771 

(3) Suppose that a subgroup V of Q is hyperbolically embedded into Q 
relative to L. Then V is strongly quasiconvex relative to L in Q by Theorems 
12.31 and [231 By assertion (2), the subgroup V is strongly undistorted relative 
to K in G. 

We claim that V is almost malnormal in G. Indeed, since V is hyperbolically 
embedded into Q relative to L, it is almost malnormal in Q. Hence it suffices 
to show that if g is an element of G \ Q, then the intersection V D gVg^ 1 is 
finite. First suppose that g belongs to G\Gq. Since Go is a free factor of G, 
the intersection GoHgGog^ 1 is trivial. Hence the intersection VOgVg -1 is also 
trivial. Next suppose that g belongs to Go \ Q. We denote by T the Bass-Serre 
covering tree of the graph of groups Q. Then the group Q is the stabilizer group 
of a vertex v of T and we have gv ^ v. Since the intersection Q n gQg~ x fixes 
both v and gv, it fixes an edge of T. Hence Q D gQg^ 1 is parabolic with respect 
to L. Since every element of L is contained in a element of K, the intersection 
Q H 9Q9 1 is parabolic with respect to K. Since the subgroup V is strongly 
quasiconvex relative to K in G, the intersection VD(QDgQg^ 1 ) is finite. Hence 
the intersection V D gVg~ x is also finite. □ 

Proof of Proposition \3.1i Since T contains an element of infinite order, it follows 
from Lemma 13.31 that there exists an element h of T which is of infinite order 
and hyperbolic with respect to K. Let E(h) be a subgroup of G given by Lemma 
13.41 Since T is not virtually cyclic, we can take an element 7 of Y \ E(h). By 
Lemma [3^41 every subgroup of G that contains {h, 7} is not virtually cyclic. We 
take a finite relative generating set X of G with respect to IK which contains 
{h, 7}. Note that since h is hyperbolic with respect to K, no elements of IK 
contain X. 

Let Q and L be given by Lemma 13.71 By Lemma 13.81 (1), the family L 
consists of proper subgroups of Q. Since TnQ contains {h, 7} and each element 
of L is contained in some element of K, the subgroup r fl Q is neither virtually 
cyclic nor parabolic with respect to L. 

Since Q is finitely generated, it follows from Lemma 13761 that TPiQ contains 
a free subgroup F of rank two which is strongly quasiconvex relative to L in 
Q. By Lemma [3~8l (2), the subgroup F is strongly undistorted relative to K in 
G. □ 

Remark 3.9. We give an alternative proof of Corollary 13.21 

Let F' be a free group of rank two with a free basis Y' and X a finite rel- 
ative generating set of G with respect to K. By [TJ Theorem 1.1], there exists 
a quotient group G' of G and an embedding 1: F' —t G' such that G' is hyper- 
bolic relative to {iP(K)}kek U {l(F')}, where ip: G — ► G' denotes the natural 
projection. Since l(F') is a hyperbolic group, it follows from [13j Theorem 2.40] 
that G' is hyperbolic relative to {i/j(K)}k gk- Hence l(F') is hyperbolically 
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embedded into G' relative to {iJj(K)}k£K- By Theorem 12. 31 the natural map 
(F^dy) — > (&, (Imx)uK') is a quasi-isometric embedding, where fC' denotes 
UxeK^(^) \ {i-}- We ^ a ' te a su b se t ^ of G such that Y consists of two ele- 
ments and if)(Y) is equal to l(Y'). We denote by F the subgroup of G which is 
generated by Y. Then F is a free group of rank two. We can confirm that the 
natural map (F, dy) —> (G, dxuic) is a quasi- isometric embedding. This finishes 
the proof of Corollary 13.21 

4 Almost malnormal subgroups of virtually free 
groups 

In this section, we show the following (compare with [9l Theorem 5.16] for the 
case of non-abelian free groups of finite rank), which is necessary for the proof 
of Theorem O 

Theorem 4.1. Let M be a finitely generated and virtually non-abelian free 
group and let {Mi | I £ {l,...,n}} be a finite family of finitely generated 
subgroups of M of infinite index. Then there exists a proper subgroup V of M 
satisfying the following: 

(i) the subgroup V is finitely generated, virtually non-abelian free, and almost 
malnormal in M; 

(ii) for every I G {l,...,n} and every element m of M, the intersection 
mVm -1 n Mi is finite. 

For the proof of Theorem 14. 1[ we prepare two lemmas. 

Lemma 4.2. If a proper subgroup H of an infinite group G is almost malnormal 
in G, then H is an infinite index subgroup of G. 

Proof. Assume that H is a finite index subgroup of G. Then for every element 
g of G, the intersection H n gHg^ 1 is a finite index subgroup of G and hence 
it is infinite. This contradicts the assumption that H is almost malnormal in 
G. □ 

Lemma 4.3. Let F be a non-abelian free group of finite rank and let {Hi \ I e 
{l,...,n}} be a finite family of finitely generated subgroups of F of infinite 
index. Let U be a finite subgroup of Out(F). We denote by tt: Aut(F) — > 
Out(F) the quotient map and put A = 7r _1 (C/). Then there exists a proper 
subgroup H of F satisfying the following: 

(i) the subgroup H is a free subgroup of rank two and is malnormal in F; 

(ii) for every I G {1, . . . , n} and every element a of A, the intersection HiC\a{H) 
is trivial; 

(iii) for every element a of A, either a(H) is equal to H or the intersection 
H (~l a{H) is trivial. 



8 



Proof. We put U — {u.i \ i G {1, . . . , m}} and choose an element of 7r _1 (uj) 
for each i G {1, . . . , m}. We denote by the collection of all proper subgroups 
H' of i 1 satisfying the following: 

• the subgroup H' is a free subgroup of rank two and is malnormal in F; 

• for every i G {1, . . . , ro}, every / G {1, . . . , n} and every element / of F, 
the intersection aJ l {Hi) n fH'f^ 1 is trivial. 

By [9l Theorem 5.16], the collection is not empty. We remark that every 
element of A4 satisfies conditions (i) and (ii) in Lemma 14.31 

For each i G {1, . . . , m} and each element H' of A4, we put as follows: 

Kj = {K C H' \ K ^ {1} and K = H' C\ /a;(if')/ _1 for some / £ F}; 
h(H') = {i€{l,...,m} | Ki = 0}; 
/ a (if) = {*e{l,...,m} | = {#'}}; 
i 3 (if') = {ie{l,...,m} | Ki ^ and Ki ^ {if'}}. 

Since every finitely generated subgroup of F is quasiconvex in F (see [151 Section 
2]), the subgroup cii(H') as well as H' is quasiconvex and malnormal in F. By 
[21 Theorem 7.11], the group F is hyperbolic relative to {ai(H')}. Since ii' is 
quasiconvex in F, it follows from [10l Theorem 1.1 (1)] that H 1 is quasiconvex 
relative to {ai(H')} in i 1 . By Theorem 9.1], the collection Kj has a finite 
set of representatives of ii'-conjugacy classes Kj = {K i: j | j 6 {1, . . . , n^}} and 
H' is hyperbolic relative to K«. For every j e {l,...,rij} the subgroup Kij is 
finitely generated and malnormal in H' (see [T31 Propositions 2.29 and 2.36]). 

For the proof of the lemma, it suffices to show that there exists an element 
H of hA such that 13(H) is empty. Indeed if H is such an element of M, then 
for every a £ A, either both H R a(ii) and H n a^ 1 (H) are equal to ii or the 
intersection ii n ct(ii) is trivial. If the former occurs, then o(ii) is equal to H. 
Hence the subgroup H has the desired properties. 

Let H' be an element of M . We have only to consider the case where the set 
h{H') is not empty. Then for every i G h(H') and every j G {1, . . . ,rii}, the 
group Kij is a proper malnormal subgroup of H' and hence it is of infinite index 
in H' by Lemma |4"T2"1 By ,9, Theorem 5.16], there exists a proper subgroup H" 
of H' satisfying the following: 

• H" is a free subgroup of rank two and is malnormal in H'; 

• for every i G is(ii'), every j G {1, . . . , n,-} and every element hi of ii', the 
intersection Kij n h'H"h'~ 1 is trivial. 

Since ii' belongs to A4, the subgroup if" also belongs to M. 

We claim that if i € {1, . . . , m} belongs to I 3 (H'), then for every element / 
of F, the intersection H" fl ai(f H" f^ 1 ) is trivial. Indeed, the intersection ii' n 
a i{f H' f^ 1 ) is either trivial or conjugate to iCj j in ii' for some j G {1, . . . , n,}. If 
the former occurs, the claim obviously holds. If the latter occurs, the intersection 
H" fl a,i(fH"f~ 1 ) is conjugate to a subgroup of iQj fl h'Wh!^ 1 for some j G 
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{1, . . .,n,i} and some element h' of H'. By the choice of H" , the intersection 
H" C\a i (fH"f- 1 ) is trivial. 

The above claim implies that I%(H') is contained in I\(H"). Since H" is a 
subgroup of H', the set h(H') is also contained in Ii(H"). Hence the union 
h(H')Ul 3 (H') is a proper subset of the union h(H")U I 3 (H") i£ I 3 (H") is not 
empty. By repeating this procedure if necessary, we can find an element H of 
M such that 13(H) is empty. □ 

Now we are ready to prove Theorem l4.ll Given a subgroup H of a group G, 
we put 

V G (iJ) = {g e G I H n .gii^r 1 is of finite index both in i? and gHg" 1 }. 

Proof of Theorem \4-l\ It follows from the assumption that M has a finite index 
normal subgroup F which is a non-abelian free group of finite rank. The action 
of M on F by conjugations induces a homomorphism from M to Out(F). We 
denote the image of this homomorphism by U. Since F is a finite index subgroup 
of M, U is a finite subgroup of Out(F). For each I G {1, . . . , n}, we put Hi — 
MiCiF. Since Mi is finitely generated and F is a finite index subgroup of M, this 
implies that Hi is also finitely generated. Since the subgroup Mi is of infinite 
index in M and the subgroup F is of finite index in M, the subgroup Hi is of 
infinite index in F and of finite index in Mi . 

Therefore we can take a subgroup H of F given by Lemma 14.31 We put 
V = Vm(H). By [8j Theorem 1.6], the group H is a finite index subgroup of 
V. Hence V is a finitely generated and virtually non-abelian free group. By 
the definition of U and condition (iii) in Lemma I4TB1 for every element m of M, 
either raHmT 1 is equal to H or the intersection H n mHm is trivial. Hence 
for every element m of M\V, the intersection HnmHm -1 is trivial. Since H is 
a finite index subgroup of V, this implies that V is almost malnormal in M. By 
condition (ii) in Lemma |4.3[ for every I £ {1, . . . , n} and every element m of M, 
the intersection Hi HmiJm -1 is trivial and hence the intersection Mi flmVm -1 
is finite. □ 



5 Proof of Theorem 11.21 

We prove Theorem 11.21 As the case of Corollary 13.21 it suffices to show the 
following in view of [131 Corollary 4.5]. 

Theorem 5.1. Let G be a group which is hyperbolic relative to a family K of 
proper subgroups and T a subgroup of G which is neither virtually cyclic nor 
parabolic with respect to K. If F contains an element of infinite order, then 
there exists a finitely generated and virtually non-abelian free subgroup V of G 
which is hyperbolically embedded into G relative to K and contains V fl T as 
a finite index subgroup. Moreover if G is torsion-free, then F contains a free 
subgroup of rank two which is hyperbolically embedded into G relative to K. 
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This generalizes a result due to I. Kapovich [9J Theorem C] for torsion-free 
hyperbolic groups. For the proof of Theorem l5.1[ we show the following lemma. 

Lemma 5.2. Let G be a group which is hyperbolic relative to a finite family K 
of proper subgroups and T a subgroup of G which is neither virtually cyclic nor 
parabolic with respect to K. Suppose that G is finitely generated. Then there 
exists a finitely generated and virtually non-abelian free subgroup V of G which 
is hyperbolically embedded into G relative to K and contains V D T as a finite 
index subgroup. Moreover if G is torsion-free, then T contains a free subgroup 
of rank two which is hyperbolically embedded into G relative to K. 

Proof. By Lemma 13.61 the group T contains a free subgroup F of rank two 
which is strongly quasiconvex relative to K in G. We put M — Vq (F) . Since F 
is strongly quasiconvex relative to K in G, it follows from [5J Theorem 1.6] that 
F is a finite index subgroup of M. Hence M is strongly quasiconvex relative 
to K in G and we have Vq{M) = M. By [SJ Corollary 8.7], there exists only 
finitely many double cosets MgM in G such that gMg~ x is not equal to M 
and the intersection M fl gMg~ x is infinite. We denote the collection of such 
double cosets by {MgiM | I 6 {1, ...,n}}. For each I G {1, ...,n}, we put 
Mi =MC\g l Mg- 1 . 

We claim that for each I G {1, . . . , n}, Mi is of infinite index in both M and 
giMgV . Indeed, assume that this does not hold. Since gi does not belong to 
M and Vg(M) is equal to M, the subgroup Mi is of infinite index in either M 
or giMgf 1 . By replacing gi by its inverse if necessary, we may assume that the 
subgroup Mi is of finite index in M and of infinite index in giMg^ 1 . It follows 
from [9j Lemma 6.6] that for every positive integer k, the subgroup MC\g k Mgf k 
is of finite index in M and of infinite index in g k Mgf k . Then for every positive 
integer p, the subgroup |"|fc=i M H g k Mg^ k is of finite index in M and hence 
the intersection HsUi 9i Mg{ k is infinite. By |8j Theorem 1.4], there exists a 
positive integer p such that gf belongs to M. This contradicts the assumption 
that the subgroup M fl g\Mg^ v is of infinite index in gfMg^ p . 

We also claim that for every I G {1, . . . , n}, the subgroup Mi is finitely gener- 
ated. Indeed, since M is strongly quasiconvex relative to K in G, it follows from 
Theorem 12 . 5 1 that the conjugate giMg^ 1 is also strongly quasiconvex relative to 
K in G. Hence Mi is strongly quasiconvex relative to K in G (see for example 
[3 Theorem 9.8] and [H Theorem 4.18]). By Theorem [231 the subgroup M t is 
finitely generated. 

Hence it follows from Theorem 14.11 that there exists a finitely generated and 
virtually non-abelian free subgroup V of M such that V is almost malnormal 
in M and mVm~ l (~l Mi is finite for every / G {1, . . . , n} and every element m 
of M. Since M contains a finitely generated free subgroup of finite index and 
V is a finitely generated subgroup of M, the subgroup V is undistorted in M, 
that is, it is strongly undistorted relative to the empty family in M. Since M 
is strongly undistorted relative to K in G by Theorem 12 .51 the subgroup V is 
strongly undistorted relative to IK in G. 

We claim that V is almost malnormal in G. Indeed, assume that V is not 
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almost malnormal in G. Then there exists an element g of G \ V such that the 
intersection V fl gVg^ 1 is infinite. In particular the intersection M n gMg" 1 is 
also infinite. Since V is almost malnormal in M, the element g belongs to G\M. 
Then for some / G {1, . . . , n} and some elements m\ and ni2 of M, the element 
g is equal to m^gim?. Therefore the intersection V n (m\gim?)V (m\gim,2)~ x 
is infinite and hence the intersection mj" 7mi n giMgf 1 is also infinite. This 
contradicts the condition that for every I 6 {1, . . . , n} and every element m of 
M, the intersection mVm fl Mj is finite. 

Thus the subgroup V is strongly undistorted relative to K and almost mal- 
normal in G. By Theorem l2.31 the subgroup V is hyperbolically embedded into 
G relative to K. 

For the case where G is torsion-free, we can take a desired subgroup V of T 
by applying [9j Theorem 5.16] to F instead of applying Theorem 14.11 to M in 
the above argument. □ 

Proof of Theorem 15. li The proof is done in the same way as the proof of Propo- 
sition 13.11 by using Lemma 15.21 and Lemma 13.81 (3) instead of Lemma 13.61 and 
Lemma |3~81 (2). respectively. □ 
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